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Subalgebras, Intervals, and Central Elements of
Generalized Effect Algebras

Zdenka Rietanova'
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The relation between generalized effect algebras and D-algebras and their
subalgebras are discussed. For generalized effect algebras the notion of central
elements is introduced and some of their properties are shown.

INTRODUCTION

In the axiomatic approach to quantum mechanics the event structure of
a physical system is identified with a quantum logic as an orthomodular
lattice or poset (Varadarajan, 1968; Kalmbach, 1983; Beran, 1984; Ptak and
Pulmannovd 1991). In recent years, new algebraic structures weakening the
axiomatic system of orthomodular lattices (or posets) have been introduced
for investigations in the foundations of quantum mechanics. Some of them
are equivalent in some sense, or they are in some close connection. The
analysis of all of them is not the subject of this note. We will discuss only
relationships between D-posets, D-algebras, and effect algebras and their
generalized versions.

Kopka (1992) introduced a new algebraic structure of fuzzy sets, a D-
poset of fuzzy sets. A difference of comparable fuzzy sets is a primary
operation in this structure. Later, Kopka and Chovanec (1994), by transferring
the properties of a difference operation of a D-poset of fuzzy sets to an
arbitrary partially ordered set, obtained a new algebraic structure, a D-poset
that generalizes orthoalgebras and MV algebras.

Events of quantum logics do not describe “unsharp measurements,”
since unsharp measurements do not have a “yes—no” character. To include
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such events another algebraic structure was introduced by Foulis and Bennett
(1994), called an effect algebra. Unsharp orthoalgebras have been defined
by Giuntini and Greuling (1989).

Unbounded versions of effect algebras and D-posets (more precisely,
not necessary bounded posets) have also been considered (Foulis and Bennett
1994; Kopka and Chovanec, 1994; Kalmbach and Riecanovd, 1994; Hédli-
kovd and Pulmannova, 1996).

1. EFFECT ALGEBRAS, D-POSETS, AND D-ALGEBRAS

In the remainder, for a partial operation & (or &) on a set X and for «,
b,c € Xif wewritea b = ¢ (¢c © b = a) we mean both that a b b (¢ S
b) is defined and a B b = ¢ (¢ S b = a).

Definition 1.1 (Kopka and Chovanec, 1994). Let (P, <) be a poset with
the least element 0 and the greatest element 1. Let & be a partial binary
operation on P such that b © « is defined iff « < b. Then (P; <, S, 0, 1)
is called a difference poset (D-poset) if the following conditions are satisfied:

(Di) Foranya € P,a < 0= a.
(Dil)) fa<b=<c,thenc S b=<cSaand (c Sa) S(c Obh) =
b<Sa.

Effect algebras (introduced by Foulis and Bennett, 1994) are important
for modeling unsharp measurements in Hilbert space: The set of all effects
is the set of all self-adjoint operators 7 on a Hilbert space H with 0 =< T <
1. In a general algebraic form an effect algebra is defined as follows:

Definition 1.2. A structure (E; P, 0, 1) is called an effect algebra if 0,
1 are two distinguished elements and P is a partially defined binary operation
on P which satisfies the following conditions for any a, b, ¢ € E:

(Ei) bBa=aPBbif a P b isdefined.

(Eil) (@ Bb) B c=aP b P c) if one side is defined.
(Eiii) For every a € P there exists a unique b € P such thata b = 1.
(Eiv) If 1 b a is defined, then a = 0.

We can easily show the following statement.

Proposition 1.3 (Cancellation properties)
(a) Ina D-poset (P; <, <, 0,1)ifa<band a < ¢ for a, b, c € P, then

bSa=c¢cSSa implies b=c

(b) In an effect algebra (E; &b, 0, 1) if @« & b and a P ¢ are defined for
a, b, ¢, € E, then
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a®b=aPc implies b =c

Corollary 1.4. (1) In every D-poset (P; <, &, 0, 1) the partial binary
operation b can be defined by

(EP) a®bisdefinedanda b =ciff a <cand c S a = b.

(2) In every effect algebra E the partial binary operation © and the
relation =< can be defined by

(PE) a=<candc S a =0>iff a ® b isdefined and a B b = c.

Cancellation properties guarantee that &, S, and < are well defined.
Moreover, it is easy to show the following statements:

Proposition 1.5. (1) In every D-poset (P: <, &, 0, 1) the partial binary
operation b derived by (EP) fulfills axioms (Ei)—(Eiv) of an effect algebra.
(2) In every effect algebra (E; B, 0, 1) the partial binary operation &
and the partial order < defined by (PE) fulfills axioms (Di)—(Dii) of a D-poset.

A D-algebra is a generalization of a D-poset in which a partial order is
not assumed. However, if a D-algebra is equipped with a natural partial order
(derived from the partial operation ©), then it becomes a D-poset. We present
here the definition of D-algebra by Gudder (1994).

Definition 1.6. A partial algebra (P; S, 0, 1) is called a D-algebra if 0,
1 are two distinguished elements of P and © is a partially defined binary
operation on P which satisfies the following conditions for any a, b, ¢ € P:

(Ai) a S 0is defined and a © 0 = a for alla € P.
(Aii) 1 © a is defined for all a € P.
(Aiii) If 0 S a is defined, then a = 0.
(Aiv) If b S aand ¢ S b is defined, then ¢ S @ and (¢ S a) S (¢ ©
b) are defined and (¢ S a) S (¢ S b) = b S a.

We can easily show the following statements:

Proposition 1.7. (1) If (P; <, S, 0, 1) is a D-poset, then (P; &, 0, 1)
is a D-algebra.

(i) If (P; ©, 0, 1) is a D-algebra and we define ¢ < b iff b S a is
defined, then the relation < is a partial order on P and (P; <, © 0, 1) isa
D-poset.

See Gudder (1994) for the proof.

Corollary 1.8. In every. D-algebra (P; B, 0, 1) for a, b, ¢ € P the
cancellation property b © a = ¢ S a implies b = c is satisfied and the partial
binary operation & can be defined by
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(EA) a b b is defined and a B b = ¢ iff ¢ S a is defined and ¢ S
a =b.

Then (P; B, 0, 1) is an effect algebra.

2. GENERALIZED EFFECT ALGEBRAS, D-POSETS, AND D-
ALGEBRAS

Generalizations of effect algebras, D-posets, and D-algebras have been
studied by Kopka and Chovanec (1994) (difference posets), Foulis and Ben-
nett, 1994 (cones), Kalmbach and Riecanovd (1994) (abelian RI-posets and
abelian RI semigroups), and Hedlikovd and Pulmannova (1996) (generalized
D-posets and cancelative positive partial abelian semigroups). Hedlikova and
Pulmannova (1996) proved that every generalized D-poset is an order ideal
of a suitable D-poset [thus extending previous similar results for generalized
Boolean algebras, results of Janowitz for generalized orthomodular lattices,
and of Mayet-Ippolito for (weak) generalized orthomodular posets]. It can
be shown that all of the above-mentioned generalizations of effect algebras
(cones, abelian RI-semigroups, cancelative positive PAS) are mutually equiva-
lent algebraic structures and can be derived from generalized D-posets (deriv-
ing b from © similarly as for deriving effect algebra from D-poset) and we
will call them all generalized effect algebras. Thus their common definition
is the following:

Definition 2.1. A partial algebra (E; B, 0) is called a generalized effect
algebra if 0 € E is a distinguished element and & is a partially defined
binary operation £ which satisfies the following conditions for any a, b, ¢ € E:

(GEi) a & b = b & a, if one side is defined.

(GEil)) (a B b) Bc =a® (b P ), if one side is defined.
(GEiil) a®® 0=aforalla € E.
(GEiv) a b = a P ¢ implies b = ¢ (cancellation law).
(GEv) a b = 0impliesa = b = 0.

Definition 2.2. A partial algebra (P; S, 0) is called a generalized D-
algebra (D-poset) if 0 € P is a distinguished element and © is a partially
defined binary operation on P which satisfies the following conditions for
any a, b, ¢ € P:

(GDi) acS 0=aqforalla € P.

(GDii) a S a = Oforalla € P.
(GDiii) If b © a is defined, then b © (b © a) is defined.
(GDiv) (a ©b) S ¢ = (a S ¢) S b, if one side is defined.
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(GDv) If b S a and ¢ © b are defined, then ¢ © a is defined.
(GDvi) If a © b and b © a are defined, then a = b.
(GDvii) ¢ © a = b S a implies ¢ = b (cancellation law).

Proposition 2.3. (1) In every generalized D-algebra (P; ©, 0) the partial
binary operation & can be defined by

(GED) a b b is defined and a B b = ¢ iff ¢ S a is defined and ¢ &
a = b and the partial order in P can be defined by a < b iff
b S a is defined.

(2) In every generalized effect algebra (E; &b, 0) the partial binary
operation < can be defined by

(GDE) a S bisdefined and a S b = ¢ iff b b ¢ is defined and b B
¢ = a and the partial order in P can be defined by ¢ < b iff
there exists ¢ € P with a B ¢ = b.

Cancellation laws (GEiv) and (GDvii) guarantee that b, S, and < are
well defined. Moreover, we can show the following statements:

Proposition 2.4. (1) In every generalized effect algebra (E; B, 0) the
partial binary operation & derived by (GDE) fulfills axioms (GDi)—(GDvii)
of a generalized D-algebra.

(2) In every generalized D-algebra (P; S, 0) the partial binary operation
& derived by (GED) fulfills axioms of a generalized effect algebra.

Moreover, the partial orders derived from the corresponding operations
& and ©, i.e., derived one from the other by (GED), respectively (GDE),
coincide.

Proposition 2.5. (1) If (P; S, 0) is a generalized D-algebra and there is
an element 1 € P such that 1 & q is defined for all ¢ € P, then (P; S, 0,
1) is a D-algebra (and (P; <, S, 1) with < derived by © is a D-poset).

(2) If (P; b, 0) is a generalized effect algebra and there is 1 € P such
that for all @ € P there is b € P with a b b = 1, then (P; B, 0, 1) is an
effect algebra.

Proofs of Propositions 2.3-2.5 can be found in Hedelikovd and Pulman-
nova (1996) and Kalmbach and Riecanova (1994). Let us mention that a
generalized D-poset is a generalized D-algebra with partial order derived
from the operation ©. By the next proposition every generalized D-algebra
(every generalized effect algebra) can be embedded into a D-algebra
(effect algebra).

In the following proposition let us denote by (P*: < p+) the dual poset
to a poset (P; = p) and by a* the element of P* corresponding to a € P.
Hence, for a*, b* € P* we have a* < p«b* iff b < p a.
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Proposition 2.6 (Hedlikova and Pulmannova, 1996). Let (P; S p, Op)
be a generalized D-algebra and let & be derived from ©p by (GED). Let
a <pbiff b S pais defined and let (P*; <p+) be the dual poset to (P; <p).
Suppose that P = P U P* is disjoint union and define the partial order <
and the partial binary operation = on [P by the following conditions:

(1) Fora,b € P,a<biffa<pband then weput b S a =5b Spa.

(2) For a*, b* € P*, a* < b* iff b < p a and then we put b* © g* =
a 9 P b

(3) For a € P, b* € P* a < b* iff b < a* iff a Bp b is defined and
then we put b* S a = a* S b = (a b » b)*.

(4) For all a € P and b* € P* a © b* is not defined (hence, b* < a
does not hold).

Then (IP; ©, 0, 1), where 0 = 0p, 1 = 03, is a D-algebra. Moreover,
(P, < p) is an order ideal in (IP; <).

Suppose now that (P; p, 0p) is a generalized effect algebra. Let (P;
©p, Op) be a generalized D-algebra derived from that effect algebra by the
condition (GDE). Let [P = P U P* and (IP; <, 0, 1) be a D-algebra obtained
by Proposition 2.6. Then P is an order ideal in the effect algebra (IP; &, 0,
1) derived from D-algebra (IP; S, 0, 1) by (GED) (under < derived from
&), and for a, b € P, a Bp b is defined in P iff a & b is defined in [P and
a®b=abpb.

3. SUBALGEBRAS OF D-ALGEBRAS AND EFFECT ALGEBRAS

In view of the Sections 1 and 2 we may consider both a D-poset (P;
S, 0, 1) and the derived effect algebra (P; &b, 0, 1) (and conversely) as a set
P with 0, 1, <, ©, and P satisfying all properties (Di)—(Dii), (Ai)—(Aiv),
and (Ei)-(Eiv), and also conditions (GEi)-(GEv), (GDi)-(GDvii), and
(GED), (GDF) are satisfied. On the other hand, a D-algebra with a fundamental
operation ©and derived &P and the (derived) effect algebra with the fundamen-
tal operation & and derived © are different from some algebraic points of
view, e.g., they have different sets of subalgebras.

Definition 3.1. (1) For a generalized D-algebra (P; S, 0) aset 0 # Q C
P is called a subalgebra if 0 € Q, and for alla, b € Q, if b S a is defined
in P, then b S a € Q.

(2) For a generalized effect algebra (P; b, 0) a set 0 # Q C P is called
a subalgebra if 0 € Q, and for all a, b € Q, if a b b is defined in P, then
adbbe

For subalgebras of D-algebras and effect algebras we assume in addition
that 1 € Q.
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Example 3.2. Suppose that P = [0, 1] is the interval of real numbers
with usual <, +, and —. Let us define partial binary operations & and $
for all a, b € P as follows:

b © a is defined iff @ < b, in which case b S a = b — a.
a ® bisdefined iff 0 <a + b <1, in which case a b = a + b.

Then (P; <, ©, 0, 1) is a D-poset and (P; b, 0, 1) is an effect algebra
(derived from the D-poset). Let O = {0} U [%, 1]. Then (Q; &b, 0, 1) is a
subalgebra of (P; &b, 0, 1) but (Q; &, 0, 1) is not a subalgebra of (P; <, 0,
)since | 53 =1¢ Q.

Moreover, for %, 1 € Q we have % =< 1in P, but % % 1 in Q, since there
does not exist « € Q with 3 & a = 1. It also implies that (Q; &, 0, 1) is
not an effect algebra in its own right.

We can easily show the following:

(1) If (Q; =, S, 0, 1) is a subalgebra of a D-poset (P; <, &, 0, 1), then
it is a D-poset in its own right. Moreover, the partial order in Q is inherited
from P (i.e., foralla, b € Q,a =< b in Q iff a =< b in P).

(2) If (4; B, 0, 1) is a subalgebra of an effect algebra (E; &b, S, 1),
then it need not be an effect algebra in its own right.

Example 3.3. The set R* = [0, ©) of nonnegative real numbers with
usual <, —, and + can be organized into a generalized D-algebra (R"; <,
0) if we define for all a, b € R":

b S a is defined iff @ < b, in which case b © a = b — a. The operation
¢ derived from S on R is total. The set Q1 = [0, 1] is a subalgebra of (R;
S, 0), but it is not a subalgebra of (R"; 4, 0). since 1,7 € Q1, but 1 £ ¢
Q1. Moreover, e.g., 0> = {0} U [5, ©) is a subalgebra of (R"; 4, 0), but 0>
is not a subalgebra of (R"; S, 0). We see that (Q,; &, 0) with the operation
¢ inherited from (R*, B, 0) is a generalized effect algebra in its own right,
but the partial order in Q is not inherited from P. For instance, 3 < 1 in R,
while 3 % 1 in Q», since there isno a € Q> with 3 # a = 1.

The following proposition follows from Proposition 2.3.

Proposition 3.4. Let (P; b, 0) and (P; S, 0) be a generalized effect
algebra and a generalized D-algebra derived one from the other. Let 0 #
Q C P. Then (Q; P, 0) and (Q; ©, 0) with inherited operations are a general-
ized effect algebra and a generalized D algebra in their own right derived
one from the other and partial order in Q is inherited from P if and only if
the following condition is satisfied

(S) If from elements a, b, ¢ € P with a b b = ¢ (or equivalently ¢ &
b = a) at least two are elements of Q, then a, b, c € Q.

For effect algebras and D-algebras we assume in addition that 1 € Q.
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Greechie et al. (1995) define a sub-effect algebra of an effect algebra
(E; B, 0, 1) as a subset F of E with properties (i) 0,1 € F, (i) a € F =
a =1Sa € F, and (iii) a, b € F with defined @ & b in E implies a &
be F

Proposition 3.5. (1) A set F C E with 1 € F is a sub-effect algebra of
an effect algebra (E; b, 0, 1) iff F satisfies condition (S).

(2) A set Q C P with 1 € Q for a D-algebra (P; ©, 0, 1) satisfies
condition (S) iff Q is a subalgebra.

Assertion (2) of Proposition 3.5 fails to be true for effect algebras
(Example 3.2).

Definition 3.6. A set Q C P is a sub-generalized effect algebra of a
generalized effect algebra (P, ©, 0) if 0 € Q and Q satisfies condition (S).

4. INTERVALS AND IDEAL SUBALGEBRAS OF
GENERALIZED EFFECT ALGEBRAS

Definition 4.1. A subalgebra Q C P of a generalized effect algebra (P;
&, 0) is called an ideal subalgebra of P if it is an order ideal of P (i.e., x €
Qand y < x imply y € Q).

Note that every ideal subalgebra Q of a generalized effect algebra (P;
&, 0) satisfies condition (S); equally, for a, b, c € Pifa &b = ¢, then ¢ €
Qiffa, b € Q.

Suppose that (P; B, 0) is a generalized effect algebra. For any 0 # w €
P, the interval [0, w] = {x € }io = x =< w}, under the partially defined
operation obtained by restriction of & to [0, w] (i.e., for a, b € [0, w], a P
b in [0, w] is defined iff @ & b exists in P with a B b < w), is an effect
algebra with unit w. Evidently, for a, » € [0, w] the infimum a A, b in [0,
w] exists iff @ A b exists in P. On the other hand, the supremum a v,, b in
[0, w] may exist when a v b fails to exist in P. Nevertheless, if x v y exists
in P, thena v, b =avb.

Proposition 4.2. If for elements x, y of a generalized effect algebra (P;
&, 0) there exist x B y and x v y, then x A p exists and
xbBy=(xvy Ay

Proof. Let us put w = x & p and consider the effect algebra [0, w].
Thenx vy y =xvy=<wand w =x &y € [0, w]. Thus, by Theorem 3.5
of Greechie er al. (1995), (x v ) B (x Av y) = x B w in [0, w]. Hence we
have (x vy) P (x Ay) =x P win P.

Corollary 4.3. In every lattice ordered generalized effect algebra (P; B, 0)
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aPbb=(@vb)B(anb)
for all @, b € P with defined a b b.

The following example shows that an interval in a generalized effect
algebra (P; ©, 0) need not be a sub-generalized effect algebra of P and a
sub-generalized effect algebra of P need not be an ideal subalgebra of P.

Example 4.4. Let on the set P = {0, a, b, ¢, d} the partial binary
operation b be defined as follows: a &b =c,a Da=b P b = d, and
x© 0 = x for all x € P. Then (P; B, 0) is a generalized effect algebra.
Evidently, a, b =< c and a, b < d. Moreover, 0 < x for all x € P. The interval
[0, c] is an effect algebra with unit ¢, but it is not a sub-generalized effect
algebra of (P; B, 0) (even, [0, ¢] is not a subalgebra of P) since a B a ¢
[0, ¢]. On the other hand, if S = {0, a, d}, then (S; B, 0) is a sub-generalized
effect algebra of P which is not an ideal subalgebra of P.

Proposition 4.5. For a generalized effect algebra (P; b, 0) and an interval
[0, w] (0 # w € P) the following conditions are equivalent:

(i) [0, w] is a subalgebra of (P; b, 0).
(i) [0, w] is a sub-generalized effect algebra of (P; P, 0).
(iii) [0, w] is an ideal subalgebra of (P; &b, 0).

Proof. The statement follows from the fact that for x, y € P with x &
y defined we have x, y < x B y.

Definition 4.6. We say that an element w # 0 of a generalized effect
algebra (P; &b, 0) has the property (IS) if for all x € P:

xAwexistsand x = (x Aw) v (X' B (x A w))

Theorem 4.7. Let the element w # 0 of a generalized effect algebra (P;
&, 0) has the property (IS). Then for every x € P:

i) xS ExAw)Aw=0.
(ii) If x & w is defined, then x v w and x A w existand x v w = x b
wand x A w = 0.
(iii) [0, w] is a sub-generalized effect algebra of (P; &, 0); hence [0,
w] is an ideal subalgebra of (P; b, 0).

Proof () By (IS)x=xAw)vExSxaw) =xAaw) PxS (xA
w)). It follows that (x A w) A (x S (x A w)) = 0, using Proposition 4.2 and
the cancellation law. Thus w A (x S (x A w)) = 0.

(ii) If x & w exists, then (x B w) Aw = w and (x B w) S w = x and
hence x b w = w v x by (IS). In view of Proposition 4.2 and the cancellation
property we obtain x A w = 0.
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(iii) Suppose that x, y € [0, w] with x & y defined in P. Then by (IS)
xPBy=((xFBAm)v(xPy SGEGxEBy) aAw)<=(xPFy Aw)v(x
Ey)ey)=((xPy) Aw)vx < wsince y < (x b y) A w. Thus [0, w] is
a subalgebra of P. In view of Proposition 4.6 we obtain the statement (iii).

5. CENTRAL ELEMENTS OF GENERALIZED EFFECT
ALGEBRAS

In Greechie et al. (1995) the notion of a central element of an effect
algebra was introduced and the decompositions of effect algebras into direct
products of ideal subalgebras was studied.

A direct product of two generalized effect algebras (Py; B, 0;) and (Pa;
&5, 0v) is the generalized effect algebra (P; b, 0), where P = P; X P, the
partial binary operation & is defined coordinatewise, and 0 is the couple (0,
(). Obviously, the partial order in P is also defined coordinatewise. We can
easily see that P is an effect algebra iff P and P, are effect algebras under
which 1 € P is the couple (1;, 1,) (see Proposition 2.5).

Definition 5.1. For a generalized effect algebra (P; &b, 0) an element
z € Piscalled a central element iff for all x, y € P the following conditions
are satisfied:

(Ci) xAaczexistsand x = (x A2) v (x S (x A 2)) [i.€., z satisfies (IS)].
(Cii) If x Az = 0, then x P z is defined.
(Ciii) Ifx P yisdefinedand xAz =y Az = 0,then (x B y) Az = 0.

Theorem 5.2. Let z be a central element of a generalized effect algebra
(P; #, 0) and Q- = {x € Plx A z = 0. Then [0, z] and Q- are ideal
subalgebras of (P; &, 0). Moreover, [0, z] and [0, z*] are ideal subalgebras
of the effect algebra (IP; b, 0, 1), where [P = PU P* is obtained by Proposition
2.6 and Q. = [0, z*] N P.

Proof. [0, z] is an ideal subalgebra of (P; b, 0) in view of Theorem
4.7. Let x, y € Q- with defined x ® y. Then x Az =y Az = 0 and by (Ciii)
also (x & y) Az = 0. Hence x B y € Q.. Evidently Q. is an order ideal of
P. Thus Q. is an ideal subalgebra of (P; &, 0). By condition (Cii) and by
Theorem 4.7 we obtain Q- = P N [0, z*]. Since [0, z] is an ideal subalgebra
of P and P is an ideal subalgebra of P, we conclude that [0, z] is an ideal
subalgebra of P.

Let us show now that [0, z*] is an ideal subalgebra of [P. If x, y € [0,
z*] N P with defined x P y, thenx By € Q0. C[0,z*]. If x, y € [0, z¥] N
P*, then x b y is not defined, since x, y < x & y implies x & y € P* and
hence x = (x B y) © y € P (see Proposition 2.6), a contradiction. If x €
[0,z¥] N P,y € [0, z*] N P* and x P y is defined, thenx < 1 Sz, x <
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1 ©y and z < 1 © y. By Theorem 4.7, (ii) x & z = x v z and hence x b
z =<1 9 y. It follows that (x & y) P z is defined and hence x By € [0, z*].
In Greechie et al. (1995) an element z of an effect algebra (E; &b, 0, 1)
is called central iff (1) for every x € E there exist u < z, v < 1 © z such
that x = u B v and (2) [0, z] and [0, 1 © z] are ideal subalgebras of E.

Theorem 5.3. An element z € P is a central element of a generalized
effect algebra (P; 4, 0) iff z is a central element of the effect algebra (IP;
&4, 0, 1), where P = P U P* is obtained by Proposition 2.6.

Proof. (1) Suppose that z € P is a central element of (P; b, 0). If x €
P thenx = (x A z) B (x © (x Az)). By Theorem 4.7(3), (x S (x A2)) Az =
0, and by the property (Cii) of central elements, (x © (x A z)) &b z is defined.
Thus x Az<zand xS (x Az) <1 Sz If x* € P, then1 S x* = x €
Pand hence x = (x Az) v(x S (x Az), where xS (xAz) =1 Sz It
followsthat x* = 1 S8 x =19 xS (xA2) S(xAz)=zS(xA2).
By Proposition 2.6, x* S (z S (xAz) =(xPB S xA)))* = (xS (xA
N PrxA)BES(xA)* =(xS (xAz) Bo)* <z =1z Thus
=9 (xAz) BPO* S (S (xAz), where z S (x Az) < zand x* S
(zS (xAz2)) = 1Sz By Theorem 5.2, [0, z] and [0, z*] are ideal subalgebras
of the effect algebra (P; &b, 0, 1). We obtain that z is a central element of
(P; &, 0, 1).

(2) Suppose that z € P and z is a central element of (IP; &, 0, 1). Then
(P; b, 0, 1) is isomorphic to the direct product of effect algebras [0, z] and
[0, z*] (meaning with inherited operations ¢ from [P) and x = (x A z) &
(x A z*) for every x € [P (Greechie et al. 1995). It follows that x A z* =
xS (x A z). By the definition of the Cartesian product we have also x = (x
AZ) vV (x A z¥), for every x € [P. We obtain that x A z = 0iff x € [0, z¥]
is an ideal subalgebra of P, z satisfies also condition (Ciii) of Definition 5.1.

Theorem 5.4. An element z € P of a generalized effect algebra (P; P,
0) is central if and only if P is isomorphic to a direct product of [0, z] and
0- = {x € P|x Az = 0} meaning with operations & restricted from P.

Proof. This follows by Theorem 5.3 and Greechie ez al. (1995), using
the fact that if u € [0, z], v € [0, z*] are such that u & v € P, thenv € P
by Proposition 2.6.

Theorem 5.5. An element z € FE is a central element of an effect algebra

(E; B, 0, 1) iff for every x € E, x Azand x Az’ existand x = (x A z) v
(xAZ).

Proof. (1) If z is a central element of E (in the sense of Greechie ez al.,
1995) then for every x € Ewe have x = (x Az) P (x A Z) = (x AzZ) Vv
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(x A 2"), in view of Greechie et al. (1995) and the definition of the Cartesian
product [0, z] X [0, z].

(2) Suppose that for every x € E there exist x Az, x Az, and x = (x A
Z)v(xAaz) Thenl =zvz. Sincel =zP 2, weobtainzAnz = 0. It
follows that for every x € E there exists (x Az) B (x A Z') and (x A 2) A

(xAz') = 0. Hence x = (x A z) P (x A Z'), which implies that x A z = x
Skxaz)and (xAZ)v(XOS (xAz) =xAz)v (xS (xAZ)).

By Theorem 4.7, [0, z] and [ 0, z'] are ideal subalgebras of E. We conclude
that z and z" are central elements of E in the sense of Greechie et al. (1995).

ACKNOWLEDGMENT

This research was supported by grant G-1/4297/97 of the MS SR,
Slovakia.

REFERENCES

Beran, L., Orthomodular Lattices. Algebraic Approach, Academia, Prague (1984).

Dvurecenskij, A., Tensor product of difference posets or effect algebras, Int. J. Theor. Phys.
34 (1995), 1337-1348.

Dvureéenskij, A., and Pulmannova, S., Difference posets, effects and quantum measurements,
Int. J. Theor. Phys. 33 (1994a), 819-850.

Dvurecenskij, A., and Pulmannovd S., Tensor products of D-posets and D-test spaces, Rep.
Math. Phys. 34 (1994b), 251-275.

Foulis, D. J., and Bennett, M. K., Effect algebras and unsharp quantum logics, Found. Phys.
24 (1994), 1331-1352.

Giuntini, R., Quantum M V-algebras, Studia Logica 56 (1996), 393-417.

Giuntini, R., and Greuling, H., Toward a formal language for unsharp properties, Found. Phys.
20 (1989), 931-945.

Greechie, R. J., Foulis, D., and Pulmannova, S., The center of an effect algebra, Order 12
(1995), 91-106.

Gudder, S. P., D-algebras, Found. Phys. 26 (1994), 813-822.

Hedlikova, J., and Pulmannova, S., Generalized difference posets and orthoalgebras, Acta Math.
Univ. Comenianae LXYV, 2 (1996), 247-279.

Kalmbach, G., Orthomodular Lattices, Academic Press, London (1983).

Kalmbach, G., and Riecanova, Z., An axiomatization for abelian relative inverses, Demonstratio
Math. 27 (1994), 769-780.

Kopka, F., D-posets of fuzzy sets, Tatra Mt. Math. Publ. 1 (1992), 83-87.

Kopka, F., and Chovanec, F., D-posets, Math. Slovaca 44 (1994), 21-34.

Ptak, P., and Pulmannova, S., Orthomodular Structures as Quantum Logics, Kluwer, Dor-
drecht (1991).

Riecan, B., and Neubrunn, T., Integral, Measure and Ordering, Kluwer, Dordrecht (1997).

Riecanova, Z., and Brsel, D., Contraexamples in difference posets and orthoalgebras, Int. J.
Theor. Phys. 23 (1994), 133-141.

Varadarajan, V. S., Geometry of Quantum Theory, Vol. 1, Van Nostrand (1968).



